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Perhaps the best-known unsolved problemin functional analysis is theinvariant 
subspace problem: Does every bounded operator on (separable, infinite-dimen- 
sional, complex) Hilbert space have a nontrivial invariant subspace ? (P. Enflo has 
shown, in work that has not yet been published, that there is an operator on a 
nonreflexive Banach space with only the trivial invariant subspaces.) Many special 
cases of this problem have been solved; see [Z]. One of the earliest and most 
elegant invariant subspace theorems is the result of von Neumann, Aronszajn, 
and Smith that compact operators have invariant subspaces. In the years 19% 
1973, a number of authors worked on extending this result and significant 
progress was made; (see [2, pp. 93-941). In 1973 operator theorists were stunned 
by the generalization achieved by Lomonosov [l]. The theorem Lomonosov 
obtained was a more general result than anyone had ever hoped to be able to 
prove; moreover, the proof was considerably simpler than even the original von 
Neumann-Aronszajn-Smith proof! Lomonosov treated the problem as a non- 
linear one. He ingeniously constructed a certain function to which Schauder’s 
fixed point theorem applied; the fixed points of this function produced invariant 
subspaces. 
L. J. Wallen of the University of Hawaii told his colleague H. M. Hilden about 
Lomonosov’s proof. Wallen suggested to Hilden that it would be desirable if 
Schauder’s theorem could be replaced by Banach’s contraction mapping theorem 
to yield a proof that could be presented in introductory functional analysis 
courses. 
Within a few days Hilden found a proof that does not require any fixed point 
theorem, nor any other result beyond the most elementary notions of functional 
analysis. This proof appears in [2, p. 1581, but there it is surrounded by more 
technical results. Hopefully this exposition will make the theorem more accessible 
to nonspecialists, 
Many operator theorists are aware of a preprint (never published) which 
appeared to imply that some of Lomonosov’s ideas were due to the authors of the 
preprint. No such implication should be drawn from the present note. The ideas 
are all Lomonosov’s and Hilden’s. Even the exposition of the proof is derivative; 
it is largely based on Wallen’s 1973 Wabash conference lecture. 
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It should be noted that Lomonosov’s techniques give a slightly more general 
result than can be obtained from Hilden’s simplification (see [2, pp. 156-1581). 
Recall that a subspace ~4’ is said to be hyperinvariunt for an operator A if &’ 
is taken into itself not only by A but by every bounded operator which commutes 
with d4. Thus the following theorem implies, in particular, that every bounded 
operator which commutes with a compact operator other than 0 has a nontrivial 
invariant subspace. 
LOMONOSOV’S THEOREM. Every compact operator other than 0 has a nontrivial 
hype&variant subspace. 
Proof (Lomonosov-Hilden). Let K be a compact operator on a complex 
Banach space 3%. If K has any eigenvectors we are done: it is immediate that 
&’ = (x: KX = XX} is hyperinvariant for K, so if any such& is not (0) the proof 
is finished. The Fredholm alternative (treated in almost all introductory func- 
tional analysis texts) asserts that all points other than 0 in the spectrum of a 
compact operator are eigenvalues. These two facts allow us to assume that the 
spectrum of K is {O}. Then the spectral radius formula (another very standard 
result) implies that {(lull} + 0 for every complex number c. 
Without loss of generality we can assume that I/ K 1) = 1; (multiply K by 
l/II K 11). Now pick an x,, E 3 such that (/ Kx, 11 > I. Let .%Y denote the closed unit 
ball centered at x0 : 99 = {X : 1) x - x0 11 < l}. Clearly 0 is not in g nor in the 
closure of KS?. All we use below is this, the result that {/l(cK)” 111 + 0, and the 
fact the closure of K@ is compact. 
For each fixed y  E 9” the set 
J& = {Ay : A is a bounded operator with AK = KA} 
is a linear manifold which is evidently invariant under all the operators which 
commute with K. Hence its closure is a hyperinvariant subspace. The theorem is 
proven unless all such hyperinvariant subspaces are trivial; i.e., are (0) or X. 
If  y  f  0 then .JZV # (01, so we are done unless dV is dense in Z whenever 
y # 0. 
We show that it is not possible that J& be dense for all y  # 0. Suppose the 
contrary; then for each y  # 0 there is an operator A such that AK = KA and 
jj Ay - x0 /I < 1. In other words, if we let 
@(A) = {Y : II AY - *o II < 11, 
then the union of the sets @(A) over all operators A commuting with K is 3?\(O). 
Since the closure of KS?? is a compact set contained in s\(O), and since each 
%(A) is an open set, there is a finite set {A, , A, ,..., A,} of operators com- 
muting with K such that K.9 is contained in UL, @(Ai). 
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So far we have merely set the stage for the proof; we have not really done 
anything. Lomonosov [l] proceeds from here to construct a nonlinear function. 
Hilden observes that once the stage is set this play is almost over! For we get a 
contradiction as follows. Since Kx, E Kg, we conclude that Kx, E @(Ail) for 
some i1 . In other words, Ai,Kx, E~Y. Then KAilKxo E Kg, so KAilKxa E 
%(Ai2) for some ia , and AizKAilKx,, E .2. We can continue this “ping-pong” 
(Wallen’s apt description) as long as we like. If we hit the ball m times then 
Ai,KAimmlK ... AilKx, E i?l, 
for some ii , ia ,..., i, . Now let 
c = max{ll Ai 11 : i = l,..., n}, 
and recall that each Ai commutes with K. Then we have 
(c-‘A~,)(c-~A~,-,) ... (c-~A~J(cK)‘%, E Si?‘. 
Now all the c-lAij have norms at most 1, and {II( II> + 0. This implies that 0 
is in the closure of 39. But .9? is closed and 0 .$ a! This contradiction proves that 
.&YV cannot be dense for ally # 0, and the theorem is proven. 
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